In this paper, the interacting boson-fermion model generalized by considering an np-boson and the single nucleon as a vector coupled in isospin to the bosons to form the model isospin invariant. The transitional interacting boson-fermion model Hamiltonians in IBFM-1 and IBFM-3 versions based on affine SU(1, 1) Lie algebra are employed to describe the evolution from the spherical to deformed gamma unstable shapes along the chain of Cu isotopes. We have studied the energy spectra of 61−69 Cu isotopes and B(E2) transition probabilities of 61−69 Cu isotopes in the shape phase transition region between the spherical and gamma unstable deformed shapes. Good agreement was achieved between the calculated results using the models and measured data. The results obtained and the values of control parameters used in this calculation indicated that the odd-mass Cu isotopes located near the closed shell provided good examples of Spin BF (5) symmetry without any significant deformed gamma-unstable structure. Some comparisons are made with IBFM-1.
Introduction
Symmetry is one of the fundamental concepts in physics. In finite many-body systems, it appears as time reversal, parity and rotational invariance and also in the form of dynamical symmetries. A dynamical symmetry occurs when the Hamiltonian is constructed from the Casimir operators of the Lie algebras in a subalgebra chain.
1,2 Dynamical symmetries make analytic solutions possible for the eigenvalues, eigenstates and related observables. One of the best grounds for the use of dynamic symmetries in physics is provided by the symmetries of the interacting boson model (IBM) of the nucleus and its extensions. 1, 2 The IBM Hamiltonian has exact solutions in three dynamical symmetry limits (U(5), SU(3) and O(6)). These situations correspond to the spherical, axially deformed and gamma-unstable ground state shapes, respectively. 1 The nuclei can either have a specific shape distinguished by a given underlying dynamical symmetry or be situated somewhere along a transitional path that goes from one shape to another. [3] [4] [5] The occurrence of shape transitional behavior characterizes both even-even and odd nuclei. Phase transitions are also investigated in odd-A nuclei within the framework of interacting boson-fermion model (IBFM), 2, 6 describing nuclei in terms of correlated pairs, with L = 0, 2 (s, d
bosons), and unpaired particles of angular momentum j (j fermions). 2, 6 For investigation into the shape phase transition, several methods have been used, advocated, developed and extended. Among them are duality relations which provide a simple method for solving these problems. An alternative solvable description of the critical point symmetry in the interacting boson model within the framework of SU (1, 1) Lie algebra is reported in Ref. 7 , but this model is related to a description of even-even nuclei. Recently, exact solutions of the solvable Hamiltonian regarding the extension of IBM using the vector boson, 8, 9 IBM-2 10 and the IBFM 11 were obtained. The study of the lighter nucleus (N Z nuclei) is an interesting and important subject. Because (i) the impact of isospin symmetry is maximal near the N = Z line where the nuclei have equal number of neutrons and protons (ii) The isospin excitations have been observed at modest excitation energies in these nuclei giving new insight into the neutron-proton correlation. 12, 13 There is nowadays a lot of experimental evidences for the validity of the isospin concept in nuclear physics. 12, 14 The nucleon-nucleon interaction possesses a genuine isospin symmetry confirmed by experiment.
14 The isospin symmetry is only an approximate symmetry of a nuclear Hamiltonian due to the presence of electromagnetic interactions, isospin nonconserving strong force, and difference in nucleonic masses.
13-15
In the lighter nuclei with the valence protons and neutrons filling the same major shell, isospin should be taken into account. 16 One important extension of the phenomenologically successful IBM is IBM-3 including proton-neutron (δ) bosons in addition to the two other types of proton-proton (π), neutron-neutron (ν) bosons in IBM-2 13, [17] [18] [19] . Odd nuclei may also be described in the third version (IBM-3)
but the single nucleon must now be vector coupled in isospin to the bosons.
19-21
In this research, the IBFM for odd nuclei is extended to conserve isospin by coupling a nucleon to the boson states of IBM-3. We describe an algebraic solvable approach for the description of quantum phase transition (QPT) and show how within the framework of IBFM-1 and IBFM-3 one might obtain critical point symmetry. The low-lying states in the transitional odd-mass nuclei are studied systematically by using the affine SU(1, 1) Lie algebra and the Bethe ansatz technique within an infinite-dimensional Lie algebra in the framework of the IBFM. We tested the IBFM-1 and IBFM-3 approximations for odd-mass 61−69 Cu isotopes.
The experimental evidences are presented as well as the odd-mass [E(5/4)] nuclei near the critical point symmetry. This paper is organized as follows. Section 2 briefly summarizes theoretical aspects of transitional Hamiltonian and affine SU(1, 1) algebraic technique. Section 3 includes the results and experimental evidence and Sec. 4 is devoted to the summary and some conclusions.
Transitional Hamiltonian of the IBFM-1 based on the affine
SU(1, 1) algebra
) expression of Bethe ansatz equations
The SU(1, 1) algebra has been explained in detail in Refs. 7, 11 and 22. The wellknown bosonic SU(1, 1) quasispin algebra generators are given by
obeying commutation relations
The quadratic Casimir operator of SU(1, 1) can be written aŝ
The basis states of an irreducible representation (irrep) SU(1, 1), |kµ , are determined by a single number k, k which can be any positive number and µ = k, k + 1, . . . . Therefore,
In this study, we investigate the QPTs between the vibrational dynamical symmetry and γ-unstable dynamical symmetry. In order to investigate the phase transition in the atomic nuclei according to IBM, we have considered two kinds of bosons with L = 0, 2 (s, d bosons). The generators of SU d (1, 1) generated by the d-boson pairing algebra
Similarly, s-boson pairing algebra forms another SU s (1, 1) algebra generated by
SU sd (1, 1) is the s and d boson pairing algebras are generated by
Recently, there has been growing evidence for the existence of different types of duality relations 7, 23 in theoretical nuclear physics. The duality relations have proven to be a powerful tool in relating the Hamiltonians of number-nonconserving quasispin and the number-conserving unitary algebras for the system with pairing interactions. One of the algebraic formulations for description of the finite pairing systems is quasispin algebra. Duality denotes the situation in which the states within a space may be classified simultaneously in terms of two mutually commuting groups (or algebras) G1 and G2, such that the irrep labels of the two groups are in one-to-one correspondence.
23
Because of duality relationships, 
The infinite-dimensional SU(1, 1) algebra is generated by the use of
where c s and c d are real parameters and n can be 0, ±1, ±2, . . . . These generators satisfy the commutation relations
Then, S In odd A nuclei the Bose-Fermi symmetries are associated with each of the dynamic symmetries of IBM-1.
2 So, the boson algebraic structure will be always taken to be U B (6) , while the fermion algebraic structure will depend on the values of the angular momenta, j, taken into consideration. 5 For computational simplicity, the structure of the odd-A nuclei is described as an unpaired fermion coupled with an IBM-1 core. In the special case of Cu isotopes with the odd-proton occupying the 2p 3/2 orbit, the dimension of the single particle space is Ω = 4. So, It should be mentioned that we have investigated the phase transition from the spherical to gamma-unstable shapes in the case that odd nucleon in j = 3/2 configurations coupled to the collective core undergoes a transition from spherical U(5) to gammaunstable O(6) situation. The lattice of algebras in this case is also shown in Fig. 1 . By employing the generators of algebra SU(1, 1) and Casimir operators of subalgebras, the following Hamiltonian for transitional region between U BF (5) − O BF (6) limits is prepared:
For evaluating the eigenvalues of Hamiltonian Eq. (14) the eigenstates are considered as
Eigenstates of Hamiltonian Eq. (15) 
where Θ is the normalization factor and
The c-numbers x i are determined through the following set of equations:
With Clebsch-Gordan (CG) coefficient, we can calculate the lowest weight state, |lw BF , in terms of boson and fermion part. The lowest weight state for the j = 3/2 case is calculated as
m,m+
The C J,L,j m,mL,mj symbols represent Clebsch-Gordan coefficients, 11 where
The eigenvalues of Hamiltonian Eq. (14) can then be expressed as 
It should be mentioned that the phase transition in odd nuclei when the underlying even-even core nuclei experience a transition from spherical to deformed γ-unstable shapes is investigated. In our calculation, we take c d (= 1) constant value and c s changes between 0 and 1. Hamiltonian Eqs. (14) and (41) In order to obtain the numerical results for energy spectra (E (k) ) of the considered nuclei, a set of nonlinear Bethe-ansatz equations (BAE) with k-unknowns for k-pair excitations must be solved. In addition, the constants of Hamiltonian with the least square fitting processes to experimental data are obtained. To achieve this aim, we have changed variables as
Hence, the new form of Eq. (18) would be
To calculate the roots of BAEs with specified values of ν s , ν d , we have solved Eq. (26) with the definite values of C and α, 11 similar to the procedure in Refs. 7
and 11. Then, we have carried this procedure with different values of C and α to give energy spectra (after inserting η, γ, δ ) with minimum variation in comparison to the experimental values
(N tot is the number of energy levels where included in the fitting processes). The method for optimizing the set of parameters in the Hamiltonian (η, γ, δ) includes carrying out the least-square fit (LSF) of the excitation energies of the selected states. In summary, we have extracted η, γ, δ externally from the empirical evidences and other quantities of Hamiltonian; e.g., α, C would be determined by the minimization of σ.
E2 transition probabilities
The observables such as electric quadrupole transition probabilities, B(E2), as well as quadrupole moment ratios within the low-lying state provide important information about the nuclear structure and QPTs. In this section, we discuss the calculation of E2 transition strengths for j = 3/2. The electric quadrupole transition operatorT (E2) in odd-A nuclei consists of a bosonic and a fermionic part. 2 In the j = 1/2 case, the E2 transitions for odd-A nuclei are completely determined by the bosonic part of the E2 operator. 2 The bosonic part has the specific selection rules, where for the former term ∆ν d = ±1, |∆L| ≤ 2 and for the latter ∆ν d = 0, ±2, |∆L| ≤ 0, 4. But in the j = 3/2 case, we also consider the portion of fermionic term.
with
where Q B and Q jj are the boson and fermion quadrupole operators and q B and q f are the effective boson and fermion charges.
2,24
The reduced electric quadrupole transition rate between the J i → J f states is given by
For evaluating B(E2), we have calculated the matrix elements of T (E2) operators between the eigenstates of Eq. (16), then with comparing the results with the experimental data, we have been able to extract (q B , q f ) quantities. The normalization factor is obtained as
We calculate fermion part for j = 3/2 according to Eq. (34) 2,24,25
where ξ is the isoscalar factor and 3/2 T (E2) F 3/2 is a single-particle matrix element that is obtained as
The electric quadrupole moment for a state with spin J is given by
The isospin-invariant form of the IBFM-3 based on the affine SU(1, 1) algebra
The neutron-proton extension of the model (IBM-2) creates a class of states 1, 26, 27 having mixed symmetry in the proton and neutron degrees of freedom. The main advantage of this description, in which the proton-neutron degree of freedom is included explicitly, is that it is closely related to the microscopic shell model, allowing the microscopic derivation of the parameters of the model. 1, 26, 27 In lighter nuclei, the valence protons and neutrons when filling the same major shell, isospin should be introduced. 
The bilinear products b 
In addition, using the isospin label, fermion creation and annihilation operators are denoted by
The bilinear products a + 1/2,mt,j,m a 1/2,mt,j,m span a space of dimension Ω = i (2j i + 1). The dynamical symmetry groups for fermions start with
In the special case of Cu isotopes with the odd-proton occupying the 2p 3/2 orbit, the dimension of the single particle space is Ω = 4, and the fermion representation space is
The operators Eq. (36), together with the fermion operators Eq. (38), allow one to construct states in the isospin basis.
2
The group chain in the vibrational limit of IBFM-3 is represented in the following formula 2 :
The group chain in the γ-unstable limit of IBFM-3 also is as
The odd nucleon carries an isospin of 1/2, which can be coupled with the isospins of the s and d bosons in different ways. With each of these schemes, we may simply vector couple the isospin of the fermion to the total isospin T B of the bosons to give the total isospin.
2,20-22
In the IBFM-3 case, the isospin-invariant Hamiltonian can be considered aŝ
The basis states can be written as product of a space part and of an isospin part. Since these act on different spaces, they cannot be combined together. The isospin part must be treated separately. The eigenstates of Eq. (16) can be extended with considering the isospin degrees of freedom as
Finally, the eigenvalues of Eq. (41) can be expressed as Cu isotopes. We have used the transitional Hamiltonians which are defined in SU(1, 1) affine algebra in the framework IBFM-1, e.g., Eq. (14) and then with using the methods which have explained in the previous sections, the parameters of Hamiltonian are extracted in comparison with the experimental data. So, eigenvalues of these systems are obtained by solving BAEs with least square fitting processes to the experimental data to obtain constants of Hamiltonian. The advantage of the Bethe ansatz wave function is that one can gain some physical insight from the rapidities x i in Eq. (18), as it is known that the structure of the rapidities can shed light on the collectivity of the boson pairs, such as the fermionic case. 33 For getting the best fit, four parameters of the suggested Hamiltonian have been carefully adjusted to the experimental energies of
61−69 29
Cu (each Cu isotope). We have also introduced the IBFM-3 formalism of transitional Hamiltonian in the previous section, e.g., Eq. Cu isotopes which are located near the closed shell have no significant deformed gamma-unstable structure and therefore, our C values are set in C : 0.01-0.53 region. This result confirms our theory to use a transitional Hamiltonian and to add the deformed gamma unstable terms in Table 3 . Energy spectra for 61 29 Cu isotope which are determined by transitional Hamiltonians Eqs. (14) and (41) . The experimental values are taken form Ref. 34 . (14) and (41) . The experimental values are taken form Ref. 36 . Hamiltonian. Also, the results which are far from the expected values for SO(6) limit, C = 1, suggest the dominant effect owning to the spherical shape and a weak effect due to the deformation to describe all normal and intruder states. Therefore, the results obtained and the values of control parameters used in this calculation indicated that the odd-mass Cu isotopes provided good examples of Spin BF (5) symmetry and have no significant deformed gamma-unstable structure.
B(E2) transition
The most outstanding nuclear model characteristic is a good description of electromagnetic properties of the nucleus besides its energy spectrum. Accordingly, we have calculated B(E2) transition rates for Cu isotopes by the IBFM-1 method. To (14) and (41) . The experimental values are taken form Ref. 38 . Table 8 . Tables 9-12 show the experimental and calculated values of B(E2) for the negative parity states of
61−69 29
Cu. The quadrupole moment of
Cu isotopes for the (3/2) − 1 level is also displayed in Table 13 .
As can be seen from Tables 9-13 , our results are in approximately satisfactory agreement with the experimental data for E2 transitions in IBFM-1.
The observables of U(5)-SO(6) transition
In the following points, it is worth highlighting specifically a few key observables that vary along the U(5)-SO(6) transition. More recently, the energy spectra, energy Nucleus 
3.7 1.1757 ratios and energy differences are also proposed to be an effective parameter to investigate the nuclear structure. 39, 40 In the even-even nuclei, we deal with the observables such as the characteristic ratio R 4
, values for control parameter, namely the ratio of the shape phase transition, and B(E2) ratios . 39, 40 These energy and transition rate predictions are fixed by the symmetry and are completely parameter-free. The R 4 2 quantity is expected to be about 2.0 for the spherical nuclei (the vibrator or U(5) limit) and it can increase to 2.50 which is suggested for the deformed γ-soft or SO(6) to describe the E(5) critical symmetry, proposing 3.03 for the critical point of the transitional region. Iachello, in Ref. 41 , has considered η as a control parameter in his description of the shapephase transition, while, at and around η = 0.5, the critical point of transitional regions would be expected. It means that one can consider the E(5) symmetry by C s ∼ = 0.5 in our approach. The E(5) symmetry predicts the value of approximately is 1.68 value.
40,42,43
Because of the occurrence of single particle orbitals that can considerably perturb the spectrum and electromagnetic transition strengths, a comparison of the critical point description with the experimental data concerning the odd-mass nuclei is more difficult than that of even-even nuclei. 43 The first Bose-Fermi critical symmetry, called E(5/4), has been proposed for an odd-A system in Ref. 37 . For Cu isotopes, we calculated only the energy ratio quantity. Figure 4 shows
E(ν d =1) ) prediction along with the experimental values for these isotopes. An acceptable degree of agreement is obvious between our models. In Fig. 3(d) , continuous energy differences value ∆E for the chain of Cu isotopes is shown. On analyzing, it can be said that with the exception of an increase from mass A = 61-63 in IBFM-3, the quantity ∆E decreases for Cu isotopes, with a rapid change in the transitional nuclei at A = 63. Because of the effect of single nucleon on the transition and especially critical point, exact selection of the critical point is difficult. With considering this problem, we proposed C ∼ 0.5-0.65 as critical point. So, we conclude from the values of control parameter which has been obtained,
E(ν d =1) ) value and energy differences that 63 Cu isotope is as the best candidates for U BF (5)-O BF (6) transition. Therefore, we can suggest that the nucleus 63 Cu is close to the critical point.
Conclusions
Our work focuses on a comprehensive theoretical description of odd-even Cu isotopes from A = 61 to 69 in terms of the IBFM-1 and IBFM-3. Negative parity states have been studied in an independent way by using SU(1, 1) Lie algebra. Experimental evidence is presented for the transitional region between the spherical and γ-unstable limits for the negative parity states of Cu isotopic chain, and an analysis is performed for these isotopes. 
